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, The supersymmetric Born-Infeld actions describing gauge-fixed D-5- and D-3- 

branes in ambient six- dimensional (6d) spacetime are constructed in superspace. A 
new 6d action is the (1,0) supersymmetric extension of the 6d Born-Infeld action. 
It is related via dimensional reduction to another remarkable 4d action describing 
the N=2 supersymmetric extension of the Born-Infeld-Nambu-Goto action with two 
real scalars. Both actions are the Goldstone actions associated with partial (1/2) 
spontaneous breaking of extended supersymmetry having 16 supercharges down to 
8 supercharges. Both actions can be put into the 'non-linear sigma-model' form 
by using certain non-linear superfield constraints. The unbroken supersymmetry is 
always linearly realised in our construction. 
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1 Introduction 



As an introduction, we remind the reader about some general features of the gauge- 
invariant and gauge-fixed D-brane actions in components, along the lines of ref. 
(see also refs. [li ii il This also allows us to specify our motivation to introduce 
superspace in some particular cases. 

The good starting point is provided by a type-II D-p-brane embedded into fiat 
10-dimensional (lOd) spacetime. The gauge-invariant D-p-brane effective action is 
usually written down in terms of the worldvolume fields {X"^{C,),9aA{0y ^^J.iO) de- 
pending upon worldvolume coordinates where (X™, OaA) themselves can be con- 
sidered as the coordinates of N=2 superspace in 10 dimensions (m = 0,l,...,9, a = 
1, . . . , 16, A = 1, 2), whereas is an abelian gauge field, /i = 0, 1, . . . ,p. The gauge 
symmetries of the action comprise (i) worldvolume diffeomorphisms, (ii) a fermionic 
K-symmetry, and (iii) a U{1) gauge invariance, whereas the global or rigid invariances 
are given by lOd, N=2 super-Poincare symmetry. The gauge-invariant D-p-brane 
action is a sum of the Born-Infeld-Nambu-Goto (BING) and Wess-Zumino (WZ) 
terms, 

Sp = -J (F^^i^-det{G,, + r,,) + J fip+i , (1.1) 
where Q^iy is the supersymmetric induced metric in the worldvolume, 

g^u = vmnii'^K , n;r = d.x"^ - ev'^d^e , (1.2) 

J-'fj^y is the supersymmetric abehan field strength. 



-{li^v). (1.3) 



;i-4) 



and 

I^T^, p odd 
Fii ® /, p even 

with respect to the (aA) indices. The WZ term in eq. (1.1) describes a coupling of the 
D-brane to the background Ramond-Ramond (RR) gauge fields , while its explicit 
form is fixed by the /t-symmetry of the whole action (1.1), 

(5,X™ = ^r™5e, 5J = U^ + T)k, (1.5) 

where F is a (field-dependent) projector The worldvolume diffeomorphisms (i) 
ensure that only the (9 — p) coordinates {X*}, i = p + 1,...,9, transverse to the 
D-brane worldvolume are physical, whereas the K-symmetry (ii) effectively eliminates 

■^The D-brane torsion coefficient in front of the action is chosen to be one. 
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half of the fermionic ^'s in accordance with the BPS nature of the D-brane that 
breaks just half of spacetime supersymmetry. The rigid lOd, N=2 supersymmetry 
transformations are 

4X™ = £r™e, 5,9 = e. (1.6) 

All physical fields in the D-brane worldvolume can be interpreted as the Goldstone 
fields associated with the symmetries broken by the D-brane 0]. These sponta- 
neously broken symmetries (including broken supersymmetry) are therefore to be 
non-linearly realised in the gauge-fixed D-brane action to be obtained by fixing the 
local symmetries and removing unphysical degrees of freedom. A covariant physical 
gauge for the worldvolume general coordinate transformations is given by the so-called 
static gauge, in which the first {p + 1) spacetime coordinates are identified with the 
D-brane worldvolume coordinates, i.e. = The remaining scalars X* represent- 
ing transverse excitations of the D-brane can then be identified with the Goldstone 
bosons (collective modes) 0* associated with spontaneously broken translations [^, |^. 
The bosonic part of the induced metric in the static gauge reads 

G^,u = rj^y + df,(j)'du(l)' , where i = 1, ... ,9 - p. (1.7) 

A covariant gauge-fixing of the K-symmetry is also possible (e.g. taking either 6^1 = 
and 9a2 = in the type-IIB case, or just the opposite, 9ai = ip and 6*02 = 0, in the 
type-IIA case), while the WZ term vanishes in this gauge |l|]. The covariant gauge- 
fixed D-p-brane action can therefore be identified with a supersymmetric extension 
of the following BING (or Goldstone)-type action: 



5'bosonic = - j rfP+^^y^- det {rf^y + F^^ + d^(t)^dy 



This action depends upon the abelian gauge field only via its field strength F^y 
so that the U{1) gauge invariance is kept. 

The number (p — 1) + (9 — p) = 8 of the bosonic physical degrees of freedom in 
the action (1.8) matches with the number of fermionic degrees of freedom 16/2 = 8 
associated with the lOd Majorana-Weyl (MW) spinor and it does not depend upon 
p. It is not, therefore, surprising that supersymmetric extensions of all the gauge- 
fixed D-p-brane actions (1.8) can be deduced by dimensional reduction from a single 
master lOd action ilH, 



^master = " / d^^^^-dei [t]^, + F^, - 2^,1 ^d.^J + (V^F^S^^) (^Fp^,^)] , (1.9) 
associated with the top value p = 9 of the lOd 'spacetime-filling' D-9-brane. 
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By construction [|T|, the component lOd super-Born-Infeld (sBI) action (1.9) is 
invariant under two lOd MW supersymmetries, one unbroken and another one spon- 
taneously broken, with the lOd Maxwell supermultiplet {A^, ipa) being the Goldstone 
vector supermultiplet associated with the second non-linearly realised supersymme- 
try. In particular, the spinor superpartner ipa of the BI vector is the Goldstone 
fermion |^. It should, however, be emphasized that the first unbroken supersym- 
metry of the action (1.9) is not the same as the original rigid supersymmetry (1.6) 
since it has to be supplemented by the compensating gauge transformation needed 
to preserve the gauge. In other words, neither of supersymmetries is manifest in the 
action (1.9). 

Our goal in this paper is to rewrite some of the supersymmetric gauge-fixed D- 
p-brane actions in superspace, in order to make their unbroken supersymmetries 
manifest. The superfield formulation is useful in deciphering the unique non-trivial 
geometry underlying the complicated Goldstone actions associated with partial su- 
persymmetry breaking in various spacetime dimensions (see e.g., refs. for a 
recent account of non-linear realizations of supersymmetry). The superspace formu- 
lation becomes indispensable if one wants to address quantum properties of D-branes, 
e.g. their black-hole applications PI] . 

Supersymmetrizing the BI actions in various spacetime dimensions represents a 
challenge in supersymmetry since one has to deal with a non-polynomial field theory 
containing higher derivatives of all orders. Causal propagation of the physical fields is 
to be maintained, while the auxiliary fields needed to close the off-shell supersymmetry 
algebra are to be kept non-propagating (the last consistency condition was called the 
'auxiliary freedom' in ref. |12[)- Both requirements are non-trivial in supersymmetric 
field theories with higher derivatives. As was demonstrated e.g., in ref. |[T^, the naive 
approach based on insisting on purely algebraic equations of motion for the auxiliary 
fields rules out a supersymmetrization of the 4d BI action at all. In fact, it is possible 
to avoid propagating auxiliary fields (i.e to achieve the auxiliary freedom) by imposing 
less restrictive conditions in some particular cases, with the sBI actions being the most 
important examples. It turns out to be possible due to the very special (Goldstone) 
nature of the sBI superfield actions whose physical bosonic part is free of ghosts and, 
hence (if consistent), the auxiliary fields should be non-propagating. 

Yet another important asset of the BI action in 4d is its electric-magnetic (e.- 
m.) self-duality |jl5| (see also ref. [1^). The self-duality and causal propagation |[T7|1 
together are responsible for the characteristic ('square root of a determinant') non- 

^The lOd supersymmetry transformation laws are given in ref. 
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polynomial structure of the 4d BI action |]T8i. It is worth mentioning here that the 



fundamental motivation in favor of the non-linear BI generalization of the Maxwell 
electro dymanics is the well-known BI taming of Coulomb self-energy, i.e. the existence 



of a non-singular charged soliton with finite self-energy H^, [17 1. 



The leading term in the expansion of the BI action with respect to the gauge field 
strength is the Maxwell action. As is well-known, even a covariant off-shell manifestly 
N-extended supersymmetrization of the 4d free (!) Maxwell theory is the difficult 
problem once a number (N) of supersymmetries exceeds two. The infinite number of 
auxiliary fields beyond the N=2 (or 8 supercharges) barrier is, in fact, required. In 
this paper we restrict ourselves to the cases of N=l and N=2 supersymmetry in 4d, 
and, most notably, (1,0) supersymmetry in 6d too, where an off-shell formulation of 
the super-BI theory is still possible in the conventional superspace with finite number 
of auxiliary fields. Similar reasoning (for example, the need for an off-shell extended 
superspace formulation of a Fayet-Sohnius hypermultiplet) also restricts the number 
of real Goldstone bosons 0* in the 4d (gauge- fixed) super-BING action (1.8), if one 
wants to achieve its off-shell superspace reformulaiton by using a finite set of auxiliary 
fields. In 4d (i.e for a D-3-brane) and N=2 unbroken supersymmetry we are thus led 
to restrict z = 1, 2, which implies the six-dimensional ambient spacetime for the D-3- 
brane to propagate. Accordingly, in 6d we are going to restrict ourselves to the 6d 
'spacetime-fiUing' D-5-brane whose bosonic gauge-fixed action is the 6d Born-Infeld 
action. 

It is worthy to be mentioned that the initial motivation to supersymmetrize the 
BI action came from the fact that it is the relevant part of the lOd open superstring 



effective action pO] . In addition, the quartic terms in the expansion of the 4d BI action 



amount to the so-called Euler-Heisenberg (EH) action which is known to be the 
one-loop bosonic contribution to the low-energy effective action of supersymmetric 
scalar QED. 

Taken together, the above reasoning provides broad and compelling motivation 
for a construction of supersymmetric BI and BING actions in superspace, in terms of 
constrained extended superfields capable to unify Goldstone scalars and vectors. The 
importance of those problems, their actuality, as well as some outstanding technical 
difficulties, related to highly non-trivial extensions of the known N=l supersymmetric 
Maxwell-Goldstone action |22[ to the sBI actions with extended unbroken supersym- 
metry, were recently emphasized from various points of view in refs. |10], |2^ . 



We adopt the most straightforward (bottom-up) approach to supersymmetrize 



^This supermembrane was first considered in ref. [K 
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the bosonic BI action by employing extended superspace, without using the standard 
coset construction underlying non-linear realizations of internal and spacetime sym- 
metries, including supersymmetry |2^. Though being quite powerful, the general the- 
ory of non-linear realizations usually leads in practice to highly involved perturbative 
calulations in order to arrive at a closed form of the Goldstone action associated with 
partially broken supersymmetry. Moreover, the coset construction of non-linearly 
realised supersymmetry turns out to be incomplete since it does not automatically 
imply the irreducibility constraints on the Goldstone superfields |10[- Just using 
the basic fact that, being of the Goldstone origin, the bosonic BI action is the un- 
ambiguous consequence of non-linearly realised (broken) supersymmetry, its minimal 
and unique completion with respect to unbroken supersymmetry can be most easily 
obtained in appropriate superspace by taking a massless vector supermultiplet as the 
Goldstone one. 

The paper is organized as follows: in sect. 2 we review the 4d bosonic BI action and 
then discuss its supersymmetric generalizations, namely, (i) the 4d Goldstone action 
associated with N=2 supersymmetry spontaneously broken to N=l and a massless 
N=l vector superfield as the Goldstone-Maxwell superfield |]22| , and (ii) the 4d 
Goldstone action associated with N=4 supersymmetry spontaneously broken to N=2 
with a massless N=2 vector superfield as the Goldstone-Maxwell superfield ^6\. Both 
supersymmetric BI actions can be equally interpreted as the gauge-fixed actions of a 
D-3-brane either 'filling' 4d spacetime or propagating in six-dimensional spacetime, 
respectively. Our main new construction that generalizes those of sect. 2 is presented 
in sect. 3, where we formulate for the first time the manifestly 6d Lorentz invari- 
ant and (1,0) supersymmetric Goldstone action associated with partial breaking of 
(2,0) supersymmetry down to (1,0) supersymmetry in 6d, with a massless (1,0) vector 
superfield being the Goldstone-Maxwell superfield in 6d. The new action is simulta- 
neously the (1,0) supersymmetric gauge-fixed 6d 'spacetime-filling' D-5-brane action 
in 6d superspace. Our conclusions are summarized in sect. 4. 



2 4d (super)BI actions in N=0,1 and 2 superspace 

In this section we only discuss /otxr-dimensional supersymmetric BI actions, both in 
components and in superspace. We briefly review some features of the bosonic BI 
action, which are going to be relevant for us in what follows. Then we introduce the 



N=l supersymmetric BI action and generalize it further to the N=2 BING action 
in 4d, N=2 superspace. 
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2.1 The bosonic BI action 



The BI action in flat four- dimensional (4d) spacetime with Minkowski metric r^^i, = 
diag(+, -,-,-), 3 

^Bi = / d^'x ^- det(r7^, + hF^,) , (2.1) 

was introduced [|1^] as the non-hnear generalization of Maxwell electrodynamics. This 
action also naturally arises (i) as the bosonic part of the 4d low-energy effective action 
of open superstrings (together with other massless superstring modes), and (ii) as the 
bosonic 4d spacetime- filling D-3-brane action as well (sect. 1). In string/brane theory 
h = 27ca', whereas we choose 6 = 1 for notational simplicity. 

The BI action (2.1) is manifestly Lorentz- invariant, it depends upon the gauge 
field Afj, only via its field strength F^,^ = df^A^, — d^Afj,, it contains no spacetime 
derivatives of F, and, after being expanded in powers of F, it gives the Maxwell 
action as the leading contribution. In fact, the BI action shares with the Maxwell 
action some other physically important properties, such as 

• causal propagation (no ghosts), 

• positive energy density, 

• electric-magnetic self-duality. 



which are non-trivial in the BI case [17, 18|. Unlike the Maxwell action, the BI action 



provides a natural taming of the Coulomb self-energy, which is yet another argument 
in favor of quantum consistency of superstring theory! 

Taking advantage of the Lorentz invariance of the BI action, it is always possible 
to simplify a calculation of its expansion in powers of the gauge field strength by 
putting F^i, into a particular form, e.g. 



/ Ai \ 

-Ai 

As 

V -As y 



(2.2) 



in terms of real 'eigenvalues' (Ai, As). Eq. (2.2) is, of course, just a manifestation of the 
fact that the Lorentz group 5*0(1, 3) has merely two independent Casimir operators. 

^Our notation in this paper differ from that of ref. p^. 
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In other words, it suffices to pick up two independent Lorentz-invariant F-products 
in order to parametrize any Lorentz-invariant function of F,j_i,. For example, 



det(r;^j. + 



1 - iF^ + det(F, 



1 p2 I 1 



1 ( I?2\2 



(2.3) 



wfiere we fiave introduced two real independent Lorentz-invariants as follows: 



p2^p^up^^ and = F^.F^^F^pF'"' . (2.4) 

The choice (2.4) is, of course, not unique, and it is not really the most convenient one 
in 4d supersymmetry. So let's introduce the 4d dual of F^,^, 



\p -I 



and form (anti)self-dual linear combinations. 



/if 



\(f±iF 



that satisfy the identities 

(F±)2 = 1 (F^ ± iFF) , {F^f + {FFf = A{F+f{F-f 

Note that 

det(F^,) = UFF? ■ 

Using yet another identity 

F'^\{F'f + \{FF)\ 
it is possible to slightly simplify eq. (2.3) to the form 

- det(r^^. + F^.) = 1 + iF^ - ^(FF)^ , 

which implies 



Lbi = 1 - V - det(r/^, + F^,) = -\F 



1 1^2 1 
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-\F'+ ' 



32 



{F^f + {FFf +0{F^) 



^_1f2+1(F+)2(F-)2 + 0(f6) . 



(2.5) 

(2.6) 

(2.7) 
(2.8) 

(2.9) 

(2.10) 



(2.11) 



By a complex 'rotation' of Lie algebra of 5*0(1, 3) to that of SL{2, C), it is some- 
times useful (in supersymmetry) to replace F^ by a 2 x 2 matrix 



Fa^ = {ana^F,, , «,/3=l,2. 



(2.12) 



where we have introduced the two-component spinor notation, 



an = \{G^d'' -a'd^), (T^ = (l,a), a'^ = (!,-<?), (2.13) 



in terms of Pauh matrices a. We find in addition that 

2 



detF 



A{F+y{F-Y = {py + {FFY , (2.14) 



where we have introduced the chiral (2 x 2) determinant, det F, on the left-hand-side. 
The right- hand- side of the identity (2.14) is often referred to as the Euler-Heisenberg 



(EH) lagrangian [21|. It arises, in particular, as the bosonic part of the one- loop ef- 
fective action in N=l supersymmetric scalar electrodynamics (= the supersymmetric 
quantum field theory of a massive N=l scalar multiplet minimally coupled to an N=l 
vector multiplet in 4d) with the parameter = e^/(247r^m^). 

The single complex Lorentz invariant 

^tT{F^) = -lF^-iFF = A + iB (2.15) 

is another natural variable for an expansion of the BI action in terms of the field 
strength F (it will be used in subsect. 2.2). Yet another choice of variables to be used 
in subsect. 2.3 is given by the Maxwell lagrangian and the Maxwell energy-momentum 
tensor squared (= the EH lagrangian!), 

-IF^ = A and ^ [{F^ + (FF)^] = E . (2.16) 

The Lorentz invariants (2.16) have natural supersymmetric extensions (subsect. 2.2 
and 2.3), with the first one having the form of a chiral superspace integral while the 
second one being a full superspace integral. This justifies our choice (2.16). We find 

- det{r]^, + F^,) = l-2A-B^ = {l-Af-2E. (2.17) 

This allows us to rewrite the BI lagrangian to the form 

L^i{F) = A + E + ... = A + EY{A,E), (2.18) 

where the function Y{A, E) has been introduced. It is not difficult to check that 
Y{A, E) is just a solution to the quadratic equation 

Ey"^ + 2{A-l)y + 2 = Q . (2.19) 

Similarly, it is straightforward to calculate L-qi{F) as a function of A and B (see 
subsect. 2.2), e.g., by using the identity A^ + B"^ = 2E, and eqs. (2.18) and (2.19). 
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A lagrangian 'magnetically dual' to the BI one is obtained via a first-order action 

Li = Lbi(F) + '^A.e^'-^Pd.F^, , (2.20) 

where is a (dual) magnetic vector potential. enters eq. (2.20) as the Lagrange 
multiplier enforcing the Bianchi identity e'^'^^^d^Fxp = 0. Varying eq. (2.20) with 
respect to F^i, instead, solving the arising algebraic equation on Ffj^^ as a function of 
the magnetically dual gauge field strength = dfj^Ai^—di^Afj^ (use the representation 
(2.2) for Ff^i, and similarly for *F^u !), and substituting a solution back into eq. (2.20) 
yields the magnetically dual action in terms of *Ff^i^, which has the same form as 
the original BI action (2.1) in terms F^jy. This is called electric-magnetic (e.-m.) 



self-duality [|T5|, |T6], |18|, and it is connected to the classical S'L(2,R) symmetry of 



IIB superstrings [^. The non-gaussian BI lagrangian (2.1) is uniquely fixed by the 
requirements of causal propagation and classical e.-m. self-duality if, in addition, one 
insists on the Maxwell low-energy limit, i.e. the (strong) correspondence principle. 
In general, there exists a family of e.-m. self-dual lagrangians parametrized by one 
variable, with all of them being solutions to a first-order Hamilton- Jacobi partial 



differential equation WE 



The classical BI action can be rewritten to many equivalent forms by introducing 
some auxiliary fields that allow one to get rid of the square root or the determinant in 
the action. For instance, it is possible to put the BI action to a classically equivalent 



form that is quadratic in the gauge field strength [^, We are not going to use 
this kind of tricks in what follows. 



2.2 N=l sBI action 

The manifestly N=l supersymmetric 4d Born-Infeld (or Goldstone-Maxwell) action 
associated with partial spontaneous breaking of rigid N=2 supersymmetry in terms 
of the Goldstone-Maxwell N=l supermultiplet {Af^,ipa, F>) was constructed in super- 
space in refs. [29, ^ (see also ref. ||23[). Amongst the superpartners of the Maxwell 



gauge field are the Goldstone (Majorana) fermion ipa and the real auxiliary scalar 
D. In this subsection we briefly review some of the results of ref. since the 
N=l supersymmetric Goldstone-Maxwell action provides the basic pattern that will 
be subsequently generalized to extended unbroken supersymmetry in the next sub- 
sect. 2.3. 

The standard 4d, N=l superspace is parametrized by the coordinates Z'^ = 
where 6^ and are (Majorana) spinor anticommuting coordinates in 
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the 2-component notation, (0^)* = 0^ and a = 1,2. An abelian vector N=l super- 
multiplet is described in N=l superspace by the irreducible chiral spinor superfield 
Wa satisfying the off-shell constraints [pOl 



D.W =0, D^'W =D.W'^. (2.21) 



As a result of these constraints, the bosonic components of the N=l superfield 
strength Wa can be introduced as follows ||30(| : 



D''Wp\ = {a^^p'^F^u + i5lD , (2.22) 

where F^^ is the Maxwell field strength of the gauge field A^. 

The superfield constraints (2.21) can be solved in terms of a real gauge superfield 



pre-potential V{x, 6, 9) as 

Wa = D^DaV , (2.23) 

subject to abelian gauge transformations 6V = i{A — A) where A is a chiral super- 
field gauge parameter, -D.A = 0. This gives the necessary input for a superfield 
quantization in terms of the unconstrained superfield V. 

The 4d, N=2 supersymmetry algebra can be decomposed with respect to unbroken 
N=l supersymmetry as [p2i 



{Q^, g .} = 2a\P, , {S^, S.} = 2a\P, , 

a a aa a a aa ^2 24) 

where Q's stand for the unbroken (N=l) supersymmetry generators, S"s stand for the 
broken (N=l) supersymmetry generators, while are 4d translation generators. It 
is worth mentioning that a non- vanishing central charge does not appear in the N=2 
algebra (2.24). The vanishing central charge is, in fact, required for a consistency 
of the Goldstone-Maxwell action. In particular, the BPS nature of this action also 
implies the vanishing vacuum expectation values for composites of the physical fields, 
while the auxiliary field D should vanish on-shell too. In general, vanishing vacuum 
expectations for the physical (Goldstone) composites protect the auxiliary fields from 
becoming propagating due to interacting terms in all suppersymmetric BI actions 
provided that pure kinetic terms for the auxiliary fields do not appear. The latter 
turns out to be the case for the manifestly supersymmetric (superfield) Born-Infeld- 
Goldstone actions considered in this paper. 

A generalization of the N=l supersymmetric constraints (2.21), which would be 
invariant under the second {S) non-linearly realised supersymmetry, is possible, in 
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principle, by using the standard perturbative approach of non-hnear reahzations p5 



though the full answer in a closed form is still unknown in this case It is, never- 
theless, possible to determine the full and manifestly N=l supersymmetric Goldstone- 
Maxwell action by a direct (and unique) N=l supersymmetrization of the BI action. 



as in ref. ||29[. The result is given by the sBI action ||2^, ^ 



N=l GM 



\ j d'^xd^ew^ + h.c. +\ j d^xd^od^e f{A,B)w^w^ 

i J d^xd^e {W^ + [f{A, B)W^W^] } + h.c. 



(2.25) 



\ I dVe W^i'^proved + h.c. 



where the structure function f{A, B) is given by 

1 



1 - A + VI - 2A - 52 
whereas A and B stand for the N=l superfields 

A = \D'^W'^ + h.c. , 
iB = ID^W'^ - h.c. , 

respectively, whose leading (F-dependent) components (at 6^ 
by A and B of eq. (2.15). [| 



(2.26) 



(2.27) 



9' = 0) are just given 



The Goldstone-Maxwell action (2.25) is thus given by a sum of the chiral N=l 
superspace integral (= super-Maxwell or super-A invariant) and the full N=l super- 
space integral (= super Euler-Heisenberg or super- invariant), with the latter being 
modified by the 'formfactor' f {D'^W^ , D'^W^) . The only quartic (higher derivative) 
combination, j{F'^Y — F^, that can be supersymmetrized up to the full (EH) N=l 



superinvariant, was earlier identified in ref. I^T] by using helicity conservation of four- 
particle scattering amplitudes in N=l supersymmetric scalar QED. 

In terms of our 'smart' variables (2.16) the bosonic BI lagrangian in the form (2.18) 
can be immediately supersymmetrized to the form (2.25). The N=l supersymmetric 
Goldstone-Maxwell action is therefore given by the N=l supersymmetric Born-Infeld 
action. As was recently argued in ref. [p3| , the same sBI action emerges from the N=2 



supersymmetric non-linear APT model ||32|, where N=2 supersymmetry is partially 
broken to N=l supersymmetry due to the non-linearity of the Seiberg-Witten-type 
action for an N=2 vector supermultiplet in the presence of 'electric' and 'magnetic' 



^It is customary (in supersymmetry) to denote both a superfield and its first component by the 
same letter. This slight abuse of notation, hopefully, does not lead to a confusion. 
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Fayet-Iliopoulos (FI) terms, after 'integrating out' (or decoupling) the massive N=l 
scalar superfield component of the N=2 vector superfield. 

It is worth mentioning that a positivity of the 'discriminant' (under the square 
root in the denominator of eq. (2.26)) is ensured by a positivity of the BI determinant 
on the left-hand-side of eq. (2.17). A causal (no ghosts) propagation of the physical 
fields in the sBI theory is achieved due to the Goldstone nature of the whole N=l 
vector multiplet and its irreducibility with respect to unbroken supersymmetry. The 
auxiliary field D does not propagate, with D = Q being an on-shell solution to its 
equation of motion. 

The whole non-linear structure of the N=l sBI action (2.25) is dictated by the hid- 
den non-linearly realised S-supersymmetry whose transformation laws can be found 
in ref. It is, therefore, not very surprising that the same action (2.25) can be 

nicely represented as the 'non-linear sigma-model' 



'S'n=i gm = 3 / ^'^^'^ ^ + ^-c- ' (2-28) 
where the chiral = 1 superspace lagrangian X obeys a non- linear N=l superfield 



constraint 22 



X = \XD'^X + W"^ . (2.29) 

The uniqueness of the N=l Goldstone-Maxwell action (2.28) now becomes apparent 
because of the identity = 0. The N=l chiral superfield X can be interpreted as 
the chiral N=l superfield component in the N=l superspace description of the N=2 
vector superfield (see also subsect. 2.3). 

The e.-m. self-duality of the BI action is also naturally generalized to the N=l 
supersymmetric e.-m. self-duality of the N=l sBI action, when using the N=l super- 
symmetric analogue 



a — Q _|_ 
"n=i N=1 gm ^ 



j <fx<f9 W^'W^ + h.c. 



(2.30) 



of the bosonic first-order action (2.20). Here the N=l chiral Lagrange multiplier 
superfield W°' has been introduced to enforce the N = 1 Bianchi identity given by 
the second equation (2.21) on Wa that is merely an N=l chiral superfield in eq. (2.30). 
Hence, on the one side, varying the action (2.30) with respect to W°' gives us back 
the action (2.25), whereas, on the other side, varying the action (2.30) with respect 
to Wa instead, solving the arising equation on Wa in terms of VT", and substituting 
the result back into the action (2.30), yield the same sBI action (2.25) in terms of 
W"". This is the N = 1 supersymmetric e.-m. self-duality in terms of N=l superfiels 
f^, |23|1. 
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2.3 N=2 sBI action 



A manifestly N=2 supersymmetric and e.-m. self-dual extension of the 4d BING 
action (1.8) with two real scalars can be constructed in N=2 superspace as the N=2 
generalization of the bosonic BI action (2.1) |2^. Two massless Goldstone bosons 
and Maxwell vector can be unified into a single massless N=2 vector supermultiplet. 



The N=2 sBI action |^ can be considered either as the Goldstone action associ- 
ated with partial breaking of N=4 supersymmetry down to N=2 in 4d, with the 
Goldstone-Maxwell N=2 supermultiplet with respect to unbroken N=2 supersymme- 
try, or, equivalently, as the gauge-fixed N=2 superfield action of a D-3-brane in flat six- 
dimensional ambient spacetime (sect. 1). This action can be most easily constructed 
in the standard N=2 superspace parametrized by the coordinates Z^^ = {x^, 9f, 9°"^) 
where /x = 0, 1, 2, 3, a = 1, 2, i = 1,2, and Of = 6^'. The Goldstone-Maxwell N=2 
supermultiplet is described in this N=2 superspace by a restricted chiral (complex 
scalar) N=2 superfield W ||3^, 0. The N=2 superspace approach automatically 
implies manifest (linearly realised) N=2 extended supersymmetry. One cannot, how- 
ever, use a similar N=4 superspace approach, in order to construct a 4d sBI/BING 
action with manifest N=4 supersymmetry, since a 4d gauge field theory with linearly 
realised N=4 supersymmetry merely exists in its on-shell version, in the standard 
N=4 superspace in 4d. 

The restricted chiral N=2 superfield W is an off-shell irreducible N=2 superfield 
satisfying the N=2 superspace constraints 

D..W = , D^W = nW , (2.31) 

where we have used the following realisation of the supercovariant N=2 superspace 



derivatives (with vanishing central charge) |34|: 



Di = ^+ ^O^'d . , D.. = ^ - lO^d . ; D^ = ^D'^'DiD^D.^ . (2.32) 

The first constraint in eq. (2.31) is just the N=2 generalization of the usual N=l 
chirality condition, whereas the second one can be considered as the generalized reality 
condition [^, |3^ that has no analogue in N=l superspace. A component solution 
to eq. (2.31) in the N=2 chiral superspace (parametrized by the coordinates = 
- ieyj^' and ei) reads 

W{y,e) = a{y) + e:^Pl^{y)-le:T^,^i■D{y) 

(2.33) 

af) 
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where we have introduced a complex scalar a, a chiral spinor doublet ip, a real isovector 
D = \{jYjD^i = ^tiijD), tr (TmTn) = 25mn) and a real antisymmetric tensor F^^ as 
the field components of W , while F^^j has to satisfy the 'Bianchi identity' |]3^| 

e^^'^'d^F.^p = , (2.34) 

whose solution is just given by F^^ = d^A^ — d^A^ in terms of the vector gauge 
field A^ subject to the gauge transformations 5A^ = d^\. The N=2 supersymmetry 
transformation laws for the components can be found e.g., in ref. [Q. 

The well-known N=2 supersymmetric extension of the Maxwell lagrangian A = 
-\Flu is given by 

I J d^e = -and - ^^'^d^,J)^^ - \{F+f + . (2.35) 

The Maxwell energy-momentum tensor squared or, equivalently, the EH lagrangian 
E = g(F"'")^(F~)^, is also easily extended in N=2 superspace. 



/ 



dVe W^W^ = {F+YiF-y + {Dy - D^F^ + ... . (2.36) 



This N=2 supersymmetric generalization of the Euler-Heisenberg lagrangian also 
arises as the leading (one-loop) non-holomorphic (non-BPS) contribution to the N=2 
gauge low-energy effective action in the interacting N=2 supersymmetric quantum 
field theory of a charged hypermultipet minimally coupled to an N=2 Maxwell su- 
permultiplet [0, |3^ . 

The gauge-invariant N=2 superfield strength squared, PF^, is an N=2 chiral but 
not a restricted N=2 chiral superfield. As is clear from eq. (2.35), the first component 
of the N=2 anti-chiral superfield K = D^W^ takes the form 

K = D^W^ = -2aaa - (F+Y + + . . . . (2.37) 



It is now straightforward to N=2 supersymmetrize the BI lagrangian (2.11) by 
engineering the proper N=2 superspace invariant, 

L = 1 Jd'^ew^ + l J d^ed^e y{K, k)w^w^ , (2.38) 

whose 'formfactor' y{K, K) is dictated by the known bosonic structure function 
Y{A,E) in eq. (2.18). Note that the vector-dependent contributions to the first 
scalar components of the N=2 superfields K and K are simply related to A und E as 



K + K = AA , KK = 8E , 
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(2.39) 



i.e. they are just the roots of a quadratic equation 



k'^ - AAk + 8E = . (2.40) 

We find 



KK {2AI] 
= 1 + 1{K + K)+0{K^) . 



The proposed N=2 sBI action p6 



s[w,w] = \ j d^xd^ew^ + \ j d^xd^ed^ey{K,K)wV 

= \ j d^xd^e + 1^4 J-y^^^ K)W^W^] } (2.42) 

= h j d'^xd'^6 H^improved ' 

can be nicely rewritten to the 'non-hnear sigma-model' form 

S[W, W] = \j d^xd^eX , (2.43) 

where the N=2 chiral superfield X = W^^^^^^^ has been introduced as a solution to 
the non-linear N=2 superfield constraint 

X = \XD^X + . (2.44) 

Eq. (2.43) is the 'improved' non-linear extension of the N=2 Maxwell lagrangian in 
N=2 chiral superspace. The existence of the 'non-linear sigma-model' form of our 
action (2.42) implies its uniqueness and supports its interpretation as the Goldstone 
action associated with partial breaking of N=4 supersymmetry down to N=2, with the 
N=2 vector multiplet as a Goldstone multiplet, in a remarkable similarity to the N=l 
supersymmetric Goldstone-Maxwell theory discussed in the previous subsect. 2.2. In 
particular, eq. (2.44) can be considered as the N=2 superfield generalization of the 
N=l superfield non-linear constraint (2.29). 

Like the N=l sBI action, our N=2 action (2.42) does not lead to the propagating 
auxiliary fields z3, despite of the presence of higher derivatives to all orders. Though 
the equations of motion for the auxiliary fields do not seem to be algebraic, the 
kinetic terms for them do not appear, with D = Q being an on-shell solution. Non- 
vanishing expectation values for fermionic and scalar composite operators in front of 
the 'dangerous' interacting terms that could lead to a propagation of the auxiliary 
fields are also forbidden because of the vanishing N=2 central charge and unbroken 
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Lorentz- and N=2 super-symmetries. We recall that the N=2 central charge Z in 
abelian N=2 supersymmetric gauge field theories can be identified with a (complex 
constant) vacuum expectation value (a) of the first scalar component of the Maxwell 



N=2 superfield strength, (ly) = {a) = Z (see e.g., ref. ||37|). 

To verify that eq. (2.42) is the N=2 supersymmetric extension of the N=l sBI 
action indeed, it is useful to rewrite it in terms of N=l superfields by integrating over 
a half of the N=2 superspace anticommuting coordinates. The standard identification 
of the N=l superspace anticommuting coordinates, [| 



^1 = r , and e.^ = e. , (2.45) 

implies the N=l superfield projection rule 

G=G{Z)\ , (2.46) 

where | means taking a (^"^^ ^*~)"i^dependent part of an N=2 superfield G{Z). As 
regards the N=2 restricted chiral superfield W, its N=l superspace constituents are 
given by N=l complex superfields $ and Wa, 

W\ = ^ , DlW\ = Wa , UD-T{D^)a W\ = 5^$ , (2.47) 

which follow from the N=2 constraints (2.31). The reality condition given by the 
second equation (2.31) implies the N=l superfield Bianchi identity 



D"Wa, = D.W , (2.48) 



as well as the relations 



K\ = + 2$L)2^) . 

{Dgf K\ = 2iD^d"'^ {Wp<!>) , (2.49) 

P2)-(52)°i^| = -4:D%{^d''^) , 



together with their conjugates. Eqs. (2.47), (2.48) and (2.49) are enough to perform 
a reduction of any N=2 superspace action depending upon W and W into N=l 
superspace by differentiation, 

, , . (2.50) 

(fed^e ^ d^ed^mD^)''{D^)^l{Dg).{D2T . 



^We underline particular values i = 1, 2 of the internal SU{2) indices, and use the N—1 notation 
1)2 ^ 1 (£)!)« and L)2 = ^(5i).(5i)" here. 
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It is now straightforward to calculate the N=l superfield form of the N=2 action 
(2.42). For our purposes, it is enough to notice that the first term in eq. (2.42) gives 
rise to the kinetic terms for the N=l chiral superfields $ and Wq,, 

Re j (fe i^W"Wa + $L'^$) , (2.51) 

whereas the N=l vector multiplet contribution arising from the second term in 
eq. (2.42) is given by 

^ j d'^ed'^ey{K\,K \)w"Wa,w,w^ + ... , (2.52) 

where the dots stand for ^-dependent terms. The 1^-dependent contributions of 
eqs. (2.51) and (2.52) exactly coincide with the N=l supersymmetric extension (2.25) 
of the BI action after taking into account that the vector field dependence in the first 
component of the N=l superfield K\ is given by 

K\ = D^W^l - 2D^{^W"Wa + ^D^^) I = -{F+Y + + . . . , (2.53) 

and similarly for K \ . 

The dependence of the N=2 sBI action upon the N=l chiral part $ of the N=2 
vector multiplet is clearly of most interest, since it is entirely dictated by N=2 ex- 
tended supersymmetry and electric-magnetic self-duality. Let's now take Wa = in 
the action (2.42), and calculate merely the leading terms depending upon $ and $ 
there. After some algebra one gets the following N=l superspace action: 

S[^, J dt^xd^ed^e - 4($9'^$)(l'9^$) + 49'*($l>)9^($$)] + . . . , (2.54) 

where the dots stand for the higher order terms depending upon the derivatives of y . 
The field components of the N=l chiral superfield $ are conveniently defined by the 
projections 

^ = ^ct> = ^{P + iQ) , L>„$|=Va, D-'^^F, (2.55) 

where P is a real physical scalar, Q is a real physical pseudo-scalar, ipa is a chiral 
physical spinor, and F is a complex auxiliary field. It is not difficult to check that 
the kinetic terms for the auxiliary field components F and F cancel in eq. (2.54), as 
they should. This allows us to simplify a calculation of the quartic term in eq. (2.54) 
even further by going on-shell, i.e. assuming that = F = there, even though it 
is not really necessary. A simple calculation now yields 

S[^, 0] = y d^x {d^'^d^^ - 2(9(^09^)0)2 + {d^ct>d^'^f} , (2.56) 
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which exactly coincides with the leading terms in the derivative expansion of the 
Nambu-Goto (NG) action 

S = -Jd^x^- det{r]^, + d^Pd.P + d^Qd.Q) . (2.57) 

Eq. (2.57) yields the effective action of a (static-gauge) 3-brane in flat six-dimensional 
ambient spacetime, with the Goldstone scalars (P, Q) being two collective coordinates 
corresponding to a 'transverse' motion of the 3-brane. A 3-brane solution to (1, 0), 6d 
super-Maxwell theory coupled to chiral (scalar) multiplets was constructed in ref. ||19|| . 



The solution of ref. |T9[ breaks translational invariance in two spacial directions and 
half of the 6d supersymmetry. This observation strongly indicates on a possible 
six-dimensional origin of our four- dimensional N=2 supersymmetric BI action that 
should be derivable by dimensional reduction from a supersymmetric BI action in six 
spacetime dimensions after identifying the extra two components of a six-dimensional 
abelian vector potential with the scalars P and Q. The very existence of the super- 
BI action in six dimensions is enough to ensure the Goldstone nature of scalars in 
eq. (2.56) and (2.57), as well as the ojf-shell invariance of our 4d, N=2 action under 
constant shifts of these scalars. Finding this 6d, manifestly (1,0) supersymmetric BI 
action, which can be considered as the top or master sBI action in superspace, is one 
of our main results in this paper (see sect. 3). 

To indicate on the possibility of adding some additional structure given by a 
magnetic FI term into our 4d, N=2 theory, it is worth mentioning here that the N=2 
superspace constraints (2.31) imply 

□ (d'^W - &^W) = . (2.58) 



This means that the function Im (V^^W) is harmonic, and, therefore, it should be 
constant, i.e. 

D'^W - D'^W = AiM'^ . (2.59) 

Taking into account a constant (FI) vector M in the constraint (2.59) is equivalent 
to adding a ^magnetic^ Fayet-Iliopoulos (FI) term to the dual action The FI 

term can be formally removed from the constraint (2.59) by a field redefinition of 
W, i.e. at the expense of adding a constant imaginary part to the auxiliary scalar 
triplet D of the N=2 vector multiplet in eq. (2.33). Let's recall that the APT model 
[0 is defined by adding the usual (electric) and magnetic FI terms to the general 



(Seiberg-Witten-type) N=2 chiral action in terms ofW |32, 34 



^An N=l superspace description of the two transverse 3-brane coordinates in terms of N=l chiral, 

complex linear and real linear Goldstone superfields was recently obtained in ref. j24|. 
^°We assume that all components of the superfield W are regular in spacetime. 
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The 4d, N=2 'Bianchi identity' can be enforced by introducing an unconstrained 
real N=2 superfield Lagrange multiplier (known as the Mezmcescn pre-potential p8| ) 



L = ^{rYjUi = |tr(rL) in the first-order N=2 superspace action (c/. ref. |^ 
S[W, W] S[W, W; L] = S[W, W] + i J d^xdWO L,^ - D'^W 



S[W, W] + 



: J d^xd'^e WWme.gn. + h.c. 



(2.60) 



where the N=2 superfield W is now a chiral (unrestricted) N=2 superfield, while 

W^magn. = D^D'^L.j (2.61) 

is the dual or 'magnetic' N=2 superfield strength that automatically satisfies the N=2 
constraints (2.31) due to its defining equation (2.61). Varying the action (2.60) with 
respect to W, solving the resulting algebraic equation on W in terms of PVmagn., and 
substituting the result back into the action (2.60), results in the dual N=2 action 
5'[Wmagn.5 W^magn.] that takcs cxactly the same form as eq. (2.42). In other words, it 
is self-dual with respect to the N=2 supersymmetric electric-magnetic duality. Of 
course, the (1,0) supersymmetric BI action in six spacetime dimensions (sect. 3) 
cannot be e.-m. self-dual since the dual to a vector is again going to be a vector in 
four spacetime dimensions only. 

The 4d, N=2 Maxwell multiplet considered in this subsection can be interpreted 
as the Goldstone multiplet associated with partial spontaneous breaking of rigid N=4 
supersymmetry down to N=2 super symmetry, with the action (2.42) being the cor- 
responding Goldstone-Maxwell N=2 superfield action (c/. ref. ||10[)- The whole non- 
linear structure of this action dictated by the non-linear superfield constraint (2.44) 
should therefore be entirely determined by hidden (non-linearly realised, or broken) 
N=2 supersymetry (c/. refs. |l|, ^). The transformation laws of the spontaneously 



broken N=2 supersymmetry can be deduced |^ from the general theory of non-linear 
realizations p, ^ , despite of the fact that the general theory [|, |25[ does not give us 
any clues about a non-perturbative construction of the Goldstone actions beyond the 
Noether (trials and errors, order-by-order) method. 

The invariance of our action (2.42) under constant shifts of the N=2 superfield 
strength W is, of course, a necessary condition for its Goldstone interpretation. It 
is easy to verify this symmetry if W is subject to the on-shell condition Diy = 0. 
The 6d super-BI action (sect. 3) dimensionally reduced down to four dimensions 
automatically implies this symmetry off-shell. 
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3 Gauge-fixed 'spacetime-filling' D-5-brane action 



In this section we generalize the results of sect. 2 by constructing a (1,0) supersym- 
metric Born-Infeld-Goldstone action in 6d superspace. 



3.1 Group theory: SU{4:) versus 50(1,5) 



Let's now consider flat six-dimensional (6d) spacetime with a Minkowski signature 
r]fj,i, — diag(-|-, — , — , — , — , — ), where the vector indices take values /i,!/ — 0, 1, 2, 3, 4, 5. 
The 6d Lorentz group SO{l, 5) has rank three, so that there are three independent 
Casimir eigenvalues in 6d instead of two in the 4d case (sect. 2). The obvious choice 
of the independent Lorentz-invariant products of a 6d abelian gauge fleld strength 
F,j,i, = dfj^Ai, - d^A^ is given by 



F,„,F-^F^pFP'' 



F^ 

= F„„F^^F.^FP''F„^F^i' 



(3.1) 



It is straightforward to calculate any Lorentz-invariant function of F^^, in terms of 
the invariants (3.1). In the BI case, we find 



det {r]^y + Ff^^) 



+ 



1 1 1 



(3.2) 



3-24 



and 



^-det(77^. + F^.) = -1 - -F^ - _ 

1 



+ 



25 

1 

28 



1 

2"3 
1 



{Fy-j^F-'F' + 



2^ 

2\3 ^ 



2-3 



(F^f- 
22-3^ ^ 3 



4\2 



32(^2)2^4 _ ^^2^6 _ 2(^4) 



23-3 



2\4 



where we have used the expansion 



X 



+ \x^ - ^x^ + O(x^) 
2 23 2^ 2^ ^ ^ 



+ 0(Fi'^), 
(3.3) 

(3.4) 



The leading term in the expansion (3.3) of the Bl action is given by the 6d Maxwell 
lagrangian, — ^F^, as expected. The quartic (of the fourth order in spacetime deriva- 
tives) terms in eq. (3.3) occur in the same combination as in the 4d case (see the 
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right-hand-side of the first hne of eq. (2.11) in subsect. 2.1), | jiF'^Y — , equal 
to the 6d Maxwell energy-momentum tensor squared. It agrees with (i) earlier per- 
turbative calculations of the gauge low-energy effective action of open superstrings 



4^, and (ii) restrictions implied by supersymmetry in lOd |^ and 6d [^. In order 
to make these restrictions manifest in 6d, it is useful to switch to a four-component 
(spinor) SU (4) notation in 6d, which is similar to the two-component spinor notation 
in 4d, by using a complex 'rotation' of Lie algebra of 50(1, 5) to that of S'f/(4) P^ . 

Let be 8 X 8 gamma matrices in 6d, that satisfy a Clifford algebra 

{r"^, r"} = 2//'"'^ . (3.5) 
Let's choose a representation of these matrices in the form 

( (E™) . \ 
r-= . , a = 1,2,3,4, (3.6) 

^ (S"^)"/3 j 

where the 4x4 matrices S™' and have been introduced. They have to satisfy the 
relations 



A solution to eq. (3.7) exists in the form 



(3.7) 



S'" = (l,y), E"^ = (l,-y), m=(0,0, 2 = 1,2,3,4,5, (3.8) 
where 7* are hermitian 4x4 gamma matrices in five euclidean dimensions, 

{f ,y} = 2(5*^' . (3.9) 
An exphcit representation of 7* = (7,74,75), with 7 standing for (71,72,73) and 



75 = 71727374, is given by g5 





where a are Pauli matrices, 0"i(T2cr3 = i/2. 




^^In order to distinguish between 6d vector and spinor indices both denoted by greek letters, we 
also introduce here latin letters to denote tangent space vector components. They are trivially 
related to spacetime vector components, = el^V"\ via a flat 6-bein = (5^. This notation 
shall, however, be abandoned in the next subsections where all vector indices, if any, are hidden, 
while latin indices are used to denote internal SU (2) symmetry. 
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The 6d Lorentz generators in a non-chiral spinor representation are given by 



^mn 1 fT^m -pn' 



l|-pm pnj 



mn\ j3 







{pnnY 



(3.11) 



J 



where 



^mn ^ 1 ^YTtr - S"!]™) , (3.12) 
and similarly for Ti^^. The chiral spinor generators E'"'* satisfy the Lorentz algebra 

while they can be used to convert any antisymmetric tensor into a traceless 4x4 
matrix as follows: 



Fj^{Yr^)jFmn. trF = 0. 



(3.14) 



As a preparation for (1,0) supersymmetrization of 6d BI action (subsect. 3.3), let's 
introduce another set of independent Lorentz-invariant F-products: 

trF% trF\ trF^ . (3.15) 

They are, of course, linearly related to those of eq. (3.1). We find 

trF^ = - 2F% 



trF^ = 3(F^)^-4F^ , 



(3.16) 



trF^ 



32F^ 
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It is straightforward to verify that e.g., trF^ is not independent, being a function of 
those in eq. (3.16), namely, 

trF« = litTF^ + ItrF^trF^ - Iti F\tT p-'f + ^(trF^)^ . 



(3.17) 



After some algebra, we find 

det (j]mn ~l~ -^mn) 



1 1 

^-2^^^^ +2^ 



tTF^-^itTpy 

4 



1 

+ 2^ 



trF2trF^--(trF2)3--trF6' 
6^ ^ 3 . 



(3.18) 



and 



^-det(77^„ + F^„) = l--trF2 + 



25 



trF^-^(trF2)2 

^-^trF^ + ^trPhrF^ 

3 • 2^ 29 3-210 



(trF^)^ 
1 



_L(trFY + ^trF^(trF^)^-^ 
|^(trFY + O(F^0) 



(3.19) 



trF^trF^ 
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The easiest way to get the key equations (3.2) and (3.16) is to take advantage of 
their 6d Lorentz invariance by choosing Fmn in the form 



Ai 



-Ai 



A, 



-A. 



A, 



V 



-A, 



(3.20) 



similar to that of eq. (2.2), in terms of three independent real 'eigenvalues' A. Eq. (3.2) 
then amounts to a classical Miura transform in terms of symmetric polynomials of A, 
whereas the linear transform (3.16) becomes apparent when using a basis comprising 
all independent antisymmetric products of 7-matrices. The coefficients are, of course, 
Lorentz-invariant and independent upon the representation of 7-matrices used to cal- 
culate them. Similar techniques were used for a calculation of perturbative anomalies 



in chiral 6d supersymmetric gauge field theories and 6d supergravity 47 



3.2 6d Maxwell (1,0) supermultiplet in superspace 



The (1,0) superspace techniques in 6d were proposed e.g., in refs. [^, 0. In this 
subsection we briefly review the construction of ref. and then extend it for a 
later use in the next subsect. 3.3. 

Chiral 6d spinors can be equivalently represented by symplectic Majorana-Weyl 
(MW) spinors ip"" carrying an extra SU{2) = Sp{l) index i = 1,2 and obeying the 
MW-type condition g9| 

(C)* = = e'^B'%i;^^ , (3.21) 

where e^^ is antisymmetric Levi-Civita symbol, e'^^Skj = ^1, and the matrix B can be 
chosen to be unitary and antisymmetric, BB^ = 1 and B^ = —B. The existence of the 
matrix B follows from the uniqueness of a non-trivial representation of 6d Clifford 
algebra (3.5). Using symplectic MW spinors in 6d allows one to directly compare 
6d chiral supersymmetry to N=2 extended supersymmetry in 4d (subsect. 2.3) where 
symplectic MW spinors also naturally appear and make the internal SU (2) symmetry 
manifest [EOl. 



The matrix B relates dotted and undotted 6d spinor indices, while any 6d vector 
index (6 of 5*0(1, 5)) can be traded for a pair of undotted spinor indices (6 of SU (4)) 
by using a matrix 

i^n^'B^ = i^n^fs = -i^n^^ ■ (3.22) 
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We use here the same notation as in ref. The SU(2) indices are raised and 

lowered according to the 'North- West/South-East' rule, 



V = e'^V, , V, = V^e,, , (3.23) 

whereas antisymmetric pairs of spinor indices are raised and lowered by using totally 
antisymmetric Levi-Civita symbols, 

yap ^ l^afS^Sy^^ ^ y^^ ^ ^.S^p^sV' . (3.24) 
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(S™)„^(S")^" = 47/-- , (S™),^(S^)^5 = -2e^p,s • (3.25) 

The supercovariant derivatives in fiat 6d, (1,0) superspace = (x™, 9°'), with 
the Grassmann anticommuting coordinates 6f being a symplectic MW spinor, satisfy 
a (1,0) supersymmetry algebra 

{DlD'p} = te'^d.p . (3.26) 

It is clear from eq. (3.26) that imposing the S't/(2)-covariant chirality condition, 
= 0, on a 6d superfield $ imphes da/s^ = 0, i.e. $ = const. Introducing 
6d chiral superfields is, nevertheless, possible at the expense of breaking the SU (2) 
symmetry 

A massless (1,0) vector multiplet in 6d superspace is described by a symplectic 
MW spinor superfield strength that satisfies some additional off-shell constraints. 
The superspace constraints in supersymmetric gauge field theories are usually imposed 
on the invariant field strengths Fab defined by an algebra of the gauge- and super- 
covariant superspace derivatives Va = Da + iAa [§31 5 

[Va, Vb} = tAB^Vc + iFab , (3.27) 

where Iab'" is the fiat 6d superspace torsion tensor. In particular, one has 

{V\,V^p} = ^e^^V^p + ^F%. (3.28) 



The off-shell (1,0) vector supermultiplet constraints read 

F% = Q. (3.29) 

It follows from eq. (3.29) and the Bianchi identities D\^aFbc} = related to the 
defining eq. (3.27) that 

Fmai = (J^m)al3Wf , (3.30) 
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where is further constrained by 



DIW^ = Fj5'j + 5jY\ , while trF = Y 



3 ' 



. 



(3.31) 



The leading superfield component of Fa^ can be identified with the 6d Maxwell field 
strength (3.14), whereas Y^j is just the SU{2) triplet of the scalar auxiliary fields. 
The fermionic superpartners are given by = ipf. 

The 6d superspace constraints on can be solved 03 in terms of an uncon- 
strained superfield Vij that is the 6d analogue of the 4d, N=2 Mezincescu prepotential 



in eqs. (2.60) and (2.61). For example, in a WZ gauge, one finds [^| 



(3.32) 



where A[a/3] = {Ti^)a(3Am is the abelian vector gauge field. It is, therefore, possible 
to quantize the (1,0) vector multiplet directly in 6d superspace. When being inter- 
preted as the 6d Goldstone-Maxwell multiplet, it should be associated with partial 
spontaneous breaking of 6d extended chiral (2,0) supersymmetry down to (1,0) su- 
persymmetry since the Goldstone fermion ip^ix) and the (1,0) anticommuting spinor 
coordinate Of in eq. (3.32) have the same chirality |]10 . 



The fermionic superfield W"" transforms in a representation 4x2 under the sym- 
metry group SU{4) X SU{2). It is convenient to describe an irreducible product of 
W^s in terms of a Young tableau (c/. refs. Hi) - Q We shall use 



Wl' ^ D ~ 4 X 2 



W 



al3 



ijkl 



a/3 



B 



~ 6 X 3 , 



1x5, 



~ 6 X 3 , 



~ 1 X 1 



(3.33) 



where each Young tableau describes an S'f/(4) irreducible representation (irrep). The 
corresponding SU{2) irrep is obtained by a reflection of the Young tableau about the 
main diagonal |Q. In their explicit form, the products defined by eq. (3.33) are given 



12 



The same applies to the products of anticommuting superspace coordinates 
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by 



ijkl 



af3 



_d d_ 



(3.34) 



' i 1 



where all (anti)symmetrizations are defined with unit weight. Note the identities 



wj'^W^W:^ = , (W^) = . (3.35) 



A similar description applies to the irreducible products of the supercovariant 
derivatives in flat 6d superspace. We find (c/. refs. |34| ) 



a 


□ 


~ 4 X 2 , 




EE] 


~ To X 1 , 






~ 6 X 3 , 




1 


~ 4 X 4 , 




w 


~ 20 X 2 , 



jjijkl 



1 X 5 



mi 



15 X 3 , 



5^^ 

a/37 



20' X 1 



20 X 2 , 



4x4 



(3.36) 



J a/3 



Y'i' ^ H -6x3 



~ 4 X 2 , 



(D^) ~ H ~ 1 X 1 
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where we have used the boxes with dots, as in ref. [H , in order to distinguish these 
Young tableaux from those of eq. (3.33). Yet another reason is the fact that the 
fundamental representation 4 of SU{A) is complex, so that the positioning of the 
a-index in and D^^ matters. The irreps 10 and 20 of SU{A) are also complex, 
whereas the irreps 6, 15 and 2ff_ are real. 

Since the supercovariant derivatives do not just anticommute but satisfy the al- 
gebra (3.26), there are ambiguities in defining their products according to eq. (3.36). 
For instance, eq. (3.26) implies the identity 



D\D^p = \e^^d^p + e^^D^p + D% , (3.37) 

where 

-Da/3 = h^iioi^P) ' = -D[t-D^] ■ (3.38) 

In other words, when the products of -D's are defined in the same way as those of 
W^s, all their ambiguities are just total derivatives in spacetime. Hence, we can use 
the same explicit definitions as in eq. (3.34), viz. 



a ' 

a,i 



as long as they are going to be integrated over all spacetime coordinates. It is just 
the case in all the equations to be introduced in the next subsect. 3.3. Note also 
the identity [H 

DIDW';. = . (3.40) 



3.3 6d sBI action in (1,0) superspace 



A (1,0) supersymmetric Maxwell action in 6d superspace is known [^, and it 
reads in our notation as 



I d^x {-If 



3 



(3.41) 



^•^The products defined by eq. (3.38) and the first line of eq. (3.39) are unambiguous since all I?'s 
effectively anticommute there. 
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where — | / d^x is the 6d Maxwell action. The superfield action on the left-hand- 



side of eq. (3.41) is supersymmetric because of the superfield constraint ^ 



^iWj? = (3.42) 

that follows from the defining superspace constraints (3.29) on the off-shell (1,0) 
Maxwell supermultiplet [|^. Because of eq. (3.42) the superfield W^^ is independent 



upon some of the anticommuting superspace coordinates (they are linear combina- 
tions of 9's). Hence, after integrating over the rest of 6d superspace coordinates, as 
in eq. (3.41), one arrives at a supersymmetric invariant. The Lorentz and SU{2) 
invariances are manifest in eq. (3.41). This construction is similar to the projective 



N=2 superspace in 4d 

The superfield W^^ was identified in ref. with the (1,0) Maxwell 'spin-2' 
supercurrent superfield. Amongst its 40 + 40 components are the energy-momentum 
tensor, the (1,0) supersymmetry current and the triplet of conserved SU(2) currents. 

The same reasoning based on eq. (3.42) further implies that 

J (fx D'^'^^Wijki = 4! I d^x detF + (3.43) 

where the dots stand for the fermionic and D-dependent component terms, is also a 
superinvariant that is quartic in the Maxwell field strength. The 4x4 determinant 
in eq. (3.43) can be expanded in terms of the Lorentz invariants (3.15) as 

detF = -i [trF^ - ^(trF^)=^] . (3.44) 

Eq. (3.44) is the natural 6d generalization of the 4d Euler-Heisenberg (EH) lagrangian 
(2.14), while eq. (3.43) represents its unique 6d supersymmetric generalization. Since 
the EH lagrangian is just the Maxwell energy-momentum tensor squared, its super- 
symmetric generalization can be naturally understood as the Maxwell supercurrent 
superfield squared, both in 4d and 6d. 

Eq. (3.44) is the same quartic combination that appears in the expansion of the 
6d BI action in eq. (3.19), up to an overall normalization. Hence, eqs. (3.41) and 
(3.43) with proper normalization are just the leading term and the 'next-to-leading- 
order-correction', respectively, in the 6d sBI action that we are looking for. The next 
(of the 6-th order in F) correction to the BI action in eq. (3.19) also has a unique 
(1,0) supersymmetric extension that follows the same pattern, namely, 

^rJd'^iDX'iW')%. (3.45) 
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This correction is also supersymmetric due to the constraint (3.42). It may be not 
accidental that the number (3) of special (non-universal) superinvariants given by 
eqs. (3.41), (3.43) and (3.45) coincides with the rank (3) of the 6d Lorentz group. 
This is related to the fact that the next superinvariant generahzing the 8-th order 
terms (in F) in the BI action (3.19) is universal, being given by a full superspace 
integral. We find the remarkably simple answer given by 

I (fx {D^){W^) = / d^xd^eW^ . (3.46) 
We thus have a (1,0) supersymmetric generalization of the 6d BI action 

'S'bosonic = - y d^x \j-det{r]mn + Fmn) (3.47) 

in the form 

S[W] = [ d'x {-j,D%Wt/ - ^,D^'''W,,u 

/ 5 . (3.48) 

-j:Y^{dX{w')%-^{d'){w') + ...] , 

where the dots stand for the higher order terms whose component equivalents are of 
the 10-th order or higher in F. 

From the group-theoretical viewpoint, the Lorentz invariance of eq. (3.48) is man- 
ifest, being related to the existence of a trivial representation in the SU (4) product 

6x6 = l + 15 + 2(y, (3.49) 

and similarly for the SU{2) irreps, 

3x3=1+3+5, 

(3.50) 

4x4=1+3+5+7. 

Being the full superspace integral, the 'top' superinvariant of eq. (3.46) is already 
manifestly supersymmetric without the use of the constraint (3.42). Hence, similarly 
to the previously considered cases (sect. 2), it can be further generalized by inserting 
a structure function Z{K, L, M) at our disposal into the superfield lagrangian, 

Jd^'xd^eW^ ^ J d^xd^eZ(D^W^,D''w\D^W'')W\ (3.51) 

where we have introduced the new bosonic scalar superfields K, L and M as the 
supercovariant derivatives of W: 

D'W ~ - ^D%Wt/ ^ K , 

D'W - - ^^D^^^'W,,,i ^ L , (3.52) 
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The factor in eq. (3.51) 'soaks up' the anticommuting spinor derivatives in the 
full superspace measure, so that the structure function Z{K, L, M) subject to the 
'initial' condition 2(0, 0, 0) = 1 can only affect the terms of the order or higher 
in the component expansion of the action (3.51). 

The F-products (3.15) are simply related to those defined by eq. (3.52), namely, 

^trF^ = -K\, 

^ tiF^ = (L + K^) , (3.53) 



25 
1 



trF*^ = - (M + ^KL + \K 



3^ 



3-2^ 

where | means taking merely the F-dependent terms in the first component of a 
superfield. It is now straightforward ro rewrite eqs. (3.18) and (3.19) to another 
form, in terms of the new variables L and M. We find 

- det(r/^„ + Fmn) = 1 + 2{K + L + M)+ 2KL + , (3.54) 

and 



det(r/^„ + Fran) = 1 + {K + L + M)~\{L' + 2KM)Z . (3.55) 
Hence, the structure function Z{K, L, M) reads 



I + (K + L + M) - Jl + 2iK + L + M) + 2KL + 

= !-/<■ + ... . (3,56) 

where the dots stand for the higher order terms (quartic in F or higher) in the 
expansion of the exact (non-perturbative) formula on the left-hand-side. 

We are now in a position to write down the full (1,0) supersymmetric Born-Infeld- 
Goldstone action describing the gauge-fixed 6d 'spacetime-filling' D-5-brane in 6d 
superspace as 

1 1 „,„i,;,^, 1 



(3.57) 



d^xd^e Z(DV, D^W\ DV)W 
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where the structure function Z is given by eq. (3.56). The 6d action (3.57) has 
linearly realised (1,0) supersymmetry, whereas the non-linear structure of the function 
Z in eq. (3.56) is supposed to be dictated by yet another non-linearly realised (1,0) 
supersymmetry which is hidden, being spontaneously broken (c/. sect. 2). The (2,0) 
supersymmetry algebra in 6d reads 

{QlQi] = tn''d^p , (3.58) 
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where fl^'^ is the invariant metric of USp{A) and I,J = 1,2,3,4. It is straightfor- 
ward to calculate the transformation laws of the hidden, spontaneously broken (1,0) 
supersymmetry by using the general theory of non-linear realisations [^]. We would 
like to emphasize here that the corresponding Goldstone-Maxwell action (3.57) was 
found by a direct supersymmetrization of the 6d bosonic Born-Infeld action that al- 
ready 'knows' about partial supersymmetry breaking due to its BPS nature. The 
action (3.57) also gives the 6d superspace action of the gauge-fixed D-5-brane whose 
worldvolume is given by the whole 6d spacetime (sect. 1). 

A plain dimensional reduction of the 6d super-Born-Infeld action (3.57) down 
to 4d leads to the 4d, N=2 supersymmetric Born-Infeld-Nambu-Goto-type action 
considered in subsect. 2.3, 

W^" ^ D^W , a = 1, 2 . (3.59) 

Since the 6d superspace action (3.57) is written down entirely in terms of the 
6d superfield strength W", the same action in components is going to be dependent 
upon the 6d Maxwell vector field only via its field strength Fmn = f^m^n — dnA^- 
Hence, after the dimensional reduction, 

^4 = ^5 = , and A4 + iA5 = P + iQ , (3.60) 

the resulting 4d, N=2 super-BING action will be dependent upon the 4d scalars 
(P, Q) only via their 4d spacetime derivatives, (9^P and d^Q. It guarantees the rigid 
off-shell symmetry 

P ^ P + const., and Q ^ Q + const., (3.61) 

which is necessary for the Goldstone interpretation of the real scalars (P, Q) as the 
Goldstone bosons associated with spontaneously broken translations. The symmetry 
(3.61) is not manifest in our 4d, N=2 super-BING action (2.42), but it becomes 
manifest after rewriting it to the more symmetric 6d form as above {of. ref. ||23|| ). 

When using the identities 

iW')% = IW^puW'^' , (3.62) 

and similarly for the products (3.39) of the 6d superspace supercovariant derivatives 
D^lp (modulo total derivatives in 6d spacetime), it is possible to rewrite the action 
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(3.57) to the form of a 'non-linear sigma- model', viz. 



S[W] = -^Jd'x D% { + \Dt^ (W^'W. 



26-32 

= - — f ri^T n^^ 

(3.63) 

where we have introduced the improved Maxwell-Goldstone (1,0) supercurrent super- 
field Xf = ( W,f) . The latter seems to satisfy to the very simple non-linear 

-' \ J J improved 

superfield constraint Q 

Xtf = \Dt^ {X^-X'^\) + W.f . (3.64) 

This off-shell superfield constraint is the 6d superspace generalization of the similar 
4d superspace constraints in eqs. (2.29) and (2.44). 



4 Conclusion 

In this paper we advocate the extended superspace approach for constructing some 
gauge-fixed supersymmetric D-brane actions that are given by superextensions of the 
Born-Infeld (or Born-Infeld-Nambu-Goto) actions. Those actions are the Goldstone 
actions associated with partial spontaneous breaking of extended supersymmetry with 
16 supercharges down to 8 supercharges in four and six spacetime dimensions. We 
believe that the extended superspace approach is adequate for these purposes, since 
it is (i) simple, (ii) transparent, (iii) universal and (iv) powerful. The number (8) 
of unbroken supercharges is the maximal one allowed in the conventional off-shell 
superspace formulation of supersymmetric field theories. 

The main results of our investigation are given by the 6d, (1,0) supersymmetric 
Born-Infeld- Goldstone action (subsect. 3.3) and its 4d, N=2 supersupersymmetric 
counterpart (subsect. 2.3), as well as their 'non-linear sigma-model' representations 
given by eqs. (3.63) and (3.64), and eqs. (2.43) and (2.44), respectively. In our 
approach, the irreducibility of the Goldstone vector supermultiplet is ensured by the 
standard 'linear' off-shell superfield constraints on the Maxwell-Goldstone superfield, 
whereas the non-linearity of the Born-Infeld-Goldstone action is represented by the 
off-shell superfield structure functions or, equivalently, the 'non-linear sigma-model' 

^''We checked it in a few leading orders in X. 

^^The 4d, N=2 supersymmetric BING action (2.42) was found for the first time in ref. [ p6| . 
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off-shell superfield constraints (c/. refs. [0, |23[). Despite of the presence of higher 
derivatives to all orders, all the actions considered have no ghosts and lead to causal 
propagation of the physical fields. Moreover, they enjoy the auxiliary freedom, i.e. 
their auxiliary fields do not propagate, being vanishing on-shell. The 4d, N=2 super- 
BING action is self-dual with respect to the N=2 supersymmetric electric-magnetic 
duality. 

Other Goldstone actions associated with different patterns of partial supersym- 
metry breaking A^ = 2^A^ = lin4d are known to be related to other massless 
Goldstone (chiral or tensor) N=l supermultiplets |]S3|, |2^, The Goldstone action 
associated with partial supersymmetry breaking (1, 1) — ^ (1,0) in 6d, with a tensor 
(1,0) supermultiplet of Goldstone fields, is known to be the (gauge-fixed) effective field 
theory action in the M-5-brane worldvolume Amongst the components of 

the (1,0) tensor multiplet in 6d, there is a gauge two-form whose field strength is self- 
dual. After dimensional reduction on a torus, this self-dual field yields a 4d Maxwell 
gauge field, while the dimensionally reduced M-5-brane effective action appears to 
be the Born-Infeld-Goldstone action in 4d [Q. This way of doing also allows one to 
make manifest the electric-magnetic self-duality of the gauge-fixed D-3-brane action, 
and extend it further to a full classical SL{2, R) duality, with the background axion- 
dilaton fields being taken into account [^. The SL{2,Z) self-duality expected to 
survive in quantum theory then appears to be related to the compactification (torus) 
geometry, being identified with the invariance of the torus under the SL{2, Z) trans- 
formations of its complex structure [0, It also implies that the supersymmetric 
version of the dimensionally reduced (and truncated) theory to be obtained from the 
6d self-interacting (1,0) tensor multiplet action, when only two Goldstone bosons are 
kept, should be given by our 4d, N=2 supersymmetric BING (or Goldstone-Maxwell) 
action (subsect. 2.3). 

The self-duality condition attached to the on-shell 6d tensor (1,0) multiplet makes 
it difficult to find its 6d Lorentz-invariant and supersymmetric action that could be 
useful for doing quantum calculations. Our 6d Goldstone-Maxwell superfield action is 
manifestly 6d Lorentz invariant and (1,0) supersymmetric, while it can be quantized 
directly in 6d superspace without obstructions. As a by-product of our 6d superfield 
analysis, we found the full list of non-universal (1,0) superinvariants on the (1,0) 
Maxwell superfield constraints in 6d superspace. Those higher-derivative supersy- 
metric and gauge invariants are likely to be forbidden as possible UV counterterms, 
but they may still appear as finite local corrections to the low-energy effective actions 
of quantum supersymmetric interacting gauge field theories in six dimensions. 
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